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MUCKENHOUPT-WHEEDEN CONJECTURES FOR SPARSE
OPERATORS
CONG HOANG AND KABE MOEN
Abstract. We provide an explicit example of a pair of weights and a dyadic
sparse operator for which the Hardy-Littlewood maximal function is bounded
from Lp(v) to Lp(u) and from Lp
′
(u1−p
′
) to Lp
′
(v1−p
′
) while the sparse
operator is not bounded on the same spaces. Our construction also provides
an example of a single weight for which the weak-type endpoint does not hold
for sparse operators.
1. Introduction and Statement of Main Results
We are interested in the Muckenhoupt and Wheeden conjectures that relate
weighted inequalities for the Hardy-Littlewood maximal operator and those for
Caldero´n-Zygmund operators. In one dimension, Reguera-Scurry [13] showed that
there exists a pair of weights (u, v) for which
(1.1) M : Lp(v)→ Lp(u) and M : Lp
′
(u1−p
′
)→ Lp
′
(v1−p
′
)
but at the same time the Hilbert transform is not bounded from Lp(v) to Lp(u).
Criado and F. Soria [4] extended this to higher dimensions by constructing a pair
of weights for which (1.1) held but that any Caldero´n-Zygmund operator in Rn
associated to a certain non-degenerate kernel was not bounded from Lp(v) to Lp(u).
Specifically, it is shown in [4] that if T is a non-degenerate Caldero´n-Zygmund
operator, then there exists a pair of weights (u, v) for which (1.1) holds and a
function f ∈ Lp(v) such that ‖Tf‖Lp(u) = ∞. Moreover, it turns out that the
same construction of weights can be used to produce a weight w for which T is
unbounded from L1(Mw) to L1,∞(w). This was shown first by Reguera [12] for
Haar shift operators and then by Reguera and Thiele for the Hilbert transform [14]
and finally for non-degenerate Caldero´n-Zygmund operators by Criado and Soria
[4].
On a parallel note, sparse operators have turned out to be very important tools
in harmonic analysis. Let D be a dyadic grid in Rn. A collection S of cubes from
D is called a sparse family if for any cube Q ∈ S, there exist a subset EQ ⊆ Q
such that |Q| 6 2|EQ|, and the collection {EQ}Q∈S is pairwise disjoint. Lerner and
Nazarov [8] showed that this condition is equivalent to the Carleson condition:∑
P∈S
P⊂Q
|P | ≤ C|Q|, Q ∈ D .
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Given a sparse family S, a sparse operator TS is defined by
TSf(x) =
∑
Q∈S
1
|Q|
∫
Q
f(y) dy 1Q(x).
Lerner [10] showed that if T is a Caldero´n-Zygmund operator then
‖T ‖Lp(v)→Lp(u) . sup
S
‖TS‖Lp(v)→Lp(u)
where the supremum is over all sparse families from a finite number of dyadic grids.
The results of Reguera-Scurry and Criado-Soria and the above inequality implies
that there exists a dyadic grid D such that
(1.2) sup
S⊆D
‖TS‖Lp(v)→Lp(u) =∞
where the supremum is over all sparse families from that dyadic grid. However,
this does not imply that there exist a single sparse family S for which the operator
TS is unbounded from L
p(v)→ Lp(u).
Recently, Conde-Alonso and Rey [3]; Lerner and Nazarov [8]; Lacey [7]; Hyto¨nen,
Roncal, and Tapiola [6], and Lerner [11] proved that Caldero´n-Zygmund operators
are bounded pointwise by finitely many sparse operators. Specifically, given a nice
function f there exist finitely many dyadic grids D1, . . . ,DN and sparse families
Si ∈ D i such that
(1.3) |Tf | .
N∑
i=1
TSi |f |.
Combining inequality (1.3) with the example of Criado and Soria shows that there
is a pair of weights (u, v) and a sparse operator TS such that (1.1) holds but there is
a function f ∈ Lp(v) for which ‖TSf‖Lp(u) =∞. Moreover, there exist a weight w
and a sparse operator TS which is unbounded from L
1(Mw) to L1,∞(w). However,
the explicit sparse family S cannot be directly computed. The sparse families from
(1.3) depend on Tf and are not explicit, rather they come from a stopping time
argument based on the level sets of f . We would also like to point readers to the
recent work of Culiuc, Di Plinio, and Ou [2] who show that sparse domination of a
bilinear form can be achieved with an explicit construction that is based upon the
level sets of Mf rather than Tf .
The main purpose of this note is to find an exact sparse family in Rn that answers
the question. In fact we provide a simple sparse family for which the associated
sparse operator is unbounded. In addition, our example is purely dyadic and we do
not need to exploit any cancelation properties of the operator. The sparse family
that we consider here is S =
⋃∞
k=0 Sk in which
S0 = {[0, 2
−N)n : N = 0, 1, 2, ...},
Sk = {[2
k, 2k + 2−N )n : N = 0, 1, 2, ...} for k > 1.
Our main result is the following theorem..
Theorem 1.1. For every p ∈ (1,∞), there exists a pair of weights (u, v) such that
M : Lp(v)→ Lp(u)
M : Lp
′
(u1−p
′
)→ Lp
′
(v1−p
′
)
while TS is unbounded from L
p(v) to Lp(u).
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Figure 1. A visualization of w0k when n = 1 and k = 3
As we will see later that v ∼ u a.e. on the support of u, the proof of Theorem
1.1 can be modified to provide a counterexample in one-weight settings with only
minor modifications needed. We note here that the weights mentioned in this paper
vanish on the sets of positive measure. We have the following result.
Theorem 1.2. For every p ∈ (1,∞), there exists a weight w such that
M : Lp(w)→ Lp(w)
while TS is unbounded from L
p(w) to Lp(w).
As an immediate consequence of Theorem 1.1 and an extrapolation argument of
C. Pere´z and D. Cruz-Uribe [5], we have the following result.
Corollary 1.3. There exists a weight w such that TS is unbounded from L
1(Mw)
to L1,∞(w).
2. Preliminaries
Since we will be working with weights that vanish on sets of positive measure,
we will define Lp(w) to be all functions whose support is contained in the support
of w and ‖f‖Lp(w) < ∞. This convention is also used in [4]. Unlike the Hilbert
transform and other Caldero´n-Zygmund operators, sparse operators do not have
any cancellation properties to exploit. For this reason, we are going to construct a
purely dyadic weight. This construction is to reduce unnecessary complications of
the weight and, at the same time, simplify our later calculations.
For each integer k, we start with the unit cube P 01 = [0, 1)
n and a weight w0k
supported on it with w0k(P
0
1 ) = 1 (see Figure 1). We will gradually modify this
weight to obtain the desired one.
Step 1: We equally decompose the unit cube into 2kn sub-cubes and consider
the collection P1 =
{
2−k
(
(z1, ..., zn)+ [0, 1)
n
)
: zi = 0, 1, ..., 2
k−1− 1
}
. The union
of this collection is, in fact, [0, 12 )
n. We can reindex the cubes in this collection to be
P1 = {P 1i : i = 1, 2, ..., 2
(k−1)n}, in which P 11 = [0, 2
−k)n. Let Q11 = [
1
2 ,
1
2 +2
−k)n,
and Q1 = {Q11}. We then define w
1
k to be uniformly distributed on [0,
1
2 )
n ∪Q11 so
that w1k
(
[0, 12 )
n ∪Q11
)
= w0k([0, 1)
n) = 1 (see Figure 2).
Step 2: For each cube in the collection P1, say P 1i , we will treat it just
as a smaller scale of the unit cube. To be more precise, we let Ver(P 1i ) de-
note the vertex of P 1i that is closest to the origin, and consider the collection
Ver(P 1i ) + 2
−k
(
P1 ∪ {Q11}
)
of smaller cubes contained inside P 1i . We then iter-
ate the process of step 1 into P 1i . Let P
2 =
⋃2(k−1)n
i=1
(
Ver(P 1i ) + 2
−kP1
)
and
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Figure 2. A visualization of w1k when n = 1 and k = 3
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Figure 3. A visualization of w2k when n = 1 and k = 3
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Figure 4. A visualization of wk when n = 1 and k = 3
Q2 =
{
Ver(P 1i ) + 2
−kQ11 : i = 1, 2, ..., 2
(k−1)n
}
. We reindex these collections so
that
P
2 = {P 2i : i = 1, 2, ..., 2
(k−1)2n} and Q2 = {Q2i : i = 1, 2, ..., 2
(k−1)n}
where Q21 = 2
−kQ11 = [
1
22
−k, 122
−k + 2−2k)n. We then define w2k to be uniformly
distributed, so that w2k
(⋃
R∈P2∪Q2 R
)
= w1k
(⋃
R∈P1 R
)
(see Figure 3).
We may recursively build a sequence of weights {wk} so that each wk([0, 1]
n) = 1.
The family of weightswk (see Figures 4 and 5) is supported on
⋃∞
m=1
⋃2(k−1)(m−1)n
i=1 Q
m
i ,
and by induction we have
wk(x) =
∞∑
m=1
(
2kn
2(k−1)n + 1
)m
1Ωm(x)
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where Ωm =
⋃2(k−1)(m−1)n
i=1 Q
m
i , |Q
m
i | = 2
−kmn, and wk(Q
m
i ) = (2
(k−1)n + 1)−m.
These sets depend on k, but we suppress the index k for simplicity. We will write
Qmi (k) and Ωm(k) when the dependence on k is needed. Finally, we also note that
the family of cubes {Qmi } is disjoint. This fact will be used later in our calculations.
Completely similar to what has been proved in [4] and [13], we have the following
lemma.
Lemma 2.1. Let M be the Hardy-Littlewood maximal function, then for all x ∈
∪∞m=1Ωm, we have
M(wk)(x) 6 9
nwk(x).
In this paper, we will make use of the following well known result: for any pair
of weights (v, w), the followings are equivalent.
‖Tf‖Lp(w) . ‖f‖Lp(v)
‖T ∗f‖Lp′(v1−p′ ) . ‖f‖Lp′(w1−p′)
where we define v1−p
′
= v1−p
′
1supp(v) and w
1−p′ = w1−p
′
1supp(w).
3. Proof of the Theorem
We first need the following two lemmas.
Lemma 3.1. For k > 3 and x ∈
⋃∞
m=3Q
m
1 , we have TS(wk)(x) >
k
2(2n−1) wk(x).
Proof. Assuming that x ∈ Qm1 for some integer m > 3, we have
TS(wk)(x) =
∑
Q∈S
1
|Q|
∫
Q
wk(y) dy 1Q(x)
=
∑
Q∈S0
1
|Q|
∫
Q
wk(y) dy 1Q(x)
=
∞∑
N=0
2Nn
∫
[0,2−N )n
wk(y) dy 1[0,2−N )n(x)
=
k(m−1)∑
N=0
2Nn
∫
[0,2−N )n
wk(y) dy
= 1 +
m−1∑
i=1
k∑
j=1
2(j+k(i−1))n wk
(
[0, 2−j−k(i−1))n
)
(3.1)
where the fourth equality is due to the fact that Qm1 is at least 2
k−1 × 2−km =
2−[k(m−1)+1] units away from the origin in all directions.
By the construction of wk, we have
(3.2) wk
(
[0, 2−j−k(i−1))n
)
=
∑
P∈Pi
P⊂[0,2−j−k(i−1))n
wk(P ) = 2
(k−j)n wk(Q
i
1).
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Figure 5. A visualization of the support of wk when n = 2, k = 3.
From (3.1) and (3.2), we get
TS(wk)(x) = 1 +
m−1∑
i=1
k∑
j=1
2(j+k(i−1))n 2(k−j)n 2−kin
(
2kn
2(k−1)n + 1
)i
= 1 +
m−1∑
i=1
k∑
j=1
(
2kn
2(k−1)n + 1
)i
= 1 + k ·
2(k−1)n + 1
(2n − 1)2(k−1)n − 1
·
[(
2kn
2(k−1)n + 1
)m
−
2kn
2(k−1)n + 1
]
= 1 +
k
2
·
2(k−1)n + 1
(2n − 1)2(k−1)n − 1
·
(
2kn
2(k−1)n + 1
)m
+
k
2
·
2(k−1)n + 1
(2n − 1)2(k−1)n − 1
·
[(
2kn
2(k−1)n + 1
)m
−
2kn+1
2(k−1)n + 1
]
.
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Since
(
2kn
2(k−1)n+1
)m
> 2
kn+1
2(k−1)n+1
whenever k > 3, m > 3 and n > 1, we have
TS(wk)(x) >
k
2(2n − 1)
wk(x),
and this finishes the proof of Lemma 3.1. 
Consider the weight
w(x) =
∞∑
k=3
Ak wk(x− ~2k) 1Γ(k)(x−
~2k)
where Γ(k) =
⋃∞
m=3Q
m
1 (k),
~2k = (2k, ... , 2k) ∈ Rn, and the constant Ak is chosen
so that Akwk(Γ(k)) = 1, i.e., Ak = (wk(Γ(k)))
−1 = 2(k−1)n
(
2(k−1)n + 1
)2
. It is
clear that supp(w) =
⋃∞
k=3(
~2k + Γ(k)).
Lemma 3.2. M(w)(x) ∼ w(x) for almost every x ∈ supp(w).
Proof. Since x ∈ supp(w), we have x ∈ ( ~2k+Γ(k)) for some integer k > 3. For any
cube Q ∋ x, if ℓ(Q) 6 2k−2, then we have
1
|Q|
∫
Q
w(y) dy =
1
|Q|
∫
Q
Akwk(y − ~2k)1Γ(k)(y −
~2k) dy
= Ak
1
|Q− ~2k|
∫
Q− ~2k
wk(z)1Γ(k)(z) dz
6 AkM(wk1Γ(k))(x−
~2k)
6 AkM(wk)(x− ~2k)
. Akwk(x− ~2k) = w(x)
(3.3)
where the last inequality is due to Lemma 2.1.
If ℓ(Q) > 2k−2, there exists an integer k1 such that 2
k1−1 < ℓ(Q) 6 2k1 . This
implies that
1
|Q|
∫
Q
w(y) dy =
1
|Q|
∫
Q
k1+1∑
l=3
Al wl(y − ~2l)1Γ(l)(y −
~2l) dy
6
1
2(k1−1)n
k1+1∑
l=3
Al wl(Γ(l))
6
k1
2(k1−1)n
< 1 < Ak · wk(x− ~2k)
6 Ak ·M(wk)(x− ~2k) . w(x).
(3.4)
From (3.3) and (3.4), we obtain the desired conlusion. 
8 CONG HOANG AND KABE MOEN
Proof of Theorem 1.1. Let v =
(
Mw
w
)p
w, and consider the function
f =
∞∑
k=3
1
kǫ
Ak wk(x− ~2k)
where 1
p′
< ǫ < 1. Since TS is self-adjoint, to show the unboundedness of TS , it
suffices to disprove the inequality
‖TSf‖Lp′(v1−p′ ) . ‖f‖Lp′(w1−p′).
In fact, we have
‖f‖p
′
Lp
′(w1−p′)
=
∞∑
k=3
Ak
1
kǫp
′
∫
R
wk(x− 2
k)1Γ(k)(x − 2
k) dx
=
∞∑
k=3
Ak
1
kǫp
′
wk(Γ(k))
=
∞∑
k=3
Ak
1
kǫp
′
·
1
2k−1(2k−1 + 1)2
=
∞∑
k=3
1
kǫp
′
<∞
while, by Lemma 3.1 and Lemma 3.2, we have
‖TSf‖
p′
Lp
′(v1−p′ )
=
∫
R
TSf(x)
p′ w(x)
Mw(x)p′
dx
> C
∫
R
TSf(x)
p′ w(x)1−p
′
dx
= C
∞∑
k=3
A
1−p′
k
∫
~2k+Γ(k)
TSf(x)
p′wk(x− ~2k)
1−p′ dx
= C
∞∑
k=3
A
1−p′
k
∫
Γ(k)
TSf(x+ ~2k)
p′wk(x)
1−p′ dx
> C
∞∑
k=3
Akk
(1−ǫ)p′wk(Γ(k)) =
∞∑
k=3
k(1−ǫ)p
′
=∞.
In the fifth estimate, we used the fact that whenever x ∈ Γ(k), one has
TSf(x+ ~2k) =
∑
Q∈Sk
1
|Q|
∫
Q
f(y) dy 1Q(x + ~2k)
=
∑
P∈S0
1
|P |
∫
~2k+P
f(y) dy 1P (x)
=
∑
P∈S0
1
|P |
∫
~2k+P
1
kǫ
Ak wk(y − ~2k) dy 1P (x)
=
1
kǫ
Ak
∑
P∈S0
1
|P |
∫
P
wk(z) dz 1P (x)
=
1
kǫ
Ak TS(wk)(x)
which makes Lemma 3.1 still applicable in the situation.
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Using Lemma 3.2, the boundedness of the maximal operator follows exactly the
same as in [4]. For the reader’s convenience, we will summarize the arguments as
following.
‖Mf‖p
Lp(w) =
∫
Rn
Mf(x)pw(x) dx .
∫
Rn
|f(x)|pMw(x) dx
.
∫
Rn
|f(x)|p
(
Mw(x)
w(x)
)p
w(x) dx = ‖f‖p
Lp(v)
where the first inequality is due to Fefferman and Stein [9] (remember that supp f ⊂
suppw).
Similarly, we have
‖Mf‖p
′
Lp
′(v1−p′)
=
∫
Rn
Mf(x)p
′
v(x)1−p
′
dx ≈
∫
Rn
Mf(x)p
′
w(x)1−p
′
dx
.
∫
Rn
|f(x)|p
′
w(x)1−p
′
dx = ‖f‖p
′
Lp
′(w1−p′)
where the last inequality was proved in [4] (cf. Proof of Theorem 3). 
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